
Math 4242 Homework 2

(1) Let V be a vector space over F, and v1, · · · , vn ∈ V . Show that span(v1, · · · , vn)
is the smallest subspace of V that contains all of v1, · · · , vn.

Proof. Let W be any vector space containing v1, · · · , vn. We need to show
that span(v1, · · · , vn) ⊆ W , i.e. v ∈ W for all v ∈ span(v1, · · · , vn).
By definition of span an arbitrary element of span(v1, · · · , vn) looks like
v = a1v1 + · · · + anvn. Since W is a subspace, it’s closed under linear
combination, so v ∈ W , thus span(v1, · · · , vn) ⊆ W . □

(2) Let V be a vector space, and U1, ·, Um subspaces of V . Prove that

span(U1 ∪ · · · ∪ Um) = U1 + · · ·+ Um

Proof. Since U1+ · · ·+Um contains U1∪ · · ·∪Um, by previous problem, we
know that span(U1 ∪ · · · ∪ Um) ⊆ U1 + · · · + Um. To show they are equal,
we still need that U1 + · · ·+ Um ⊆ span(

󰁖m
i=1 Ui).

Take any u ∈ U1 + · · · + Um, it can be written as u1 + · · · + um where
ui ∈ Ui. This is automatically in span(U1 ∪ · · · ∪ Um) because it’s a linear
combination of vectors in the union. Thus U1 + · · ·+ Um ⊂ U1 ∪ · · · ∪ Um,
we are done. □

(3) Prove that span(v1, · · · , vn) = span(v1) ⊕ · · · ⊕ span(vn) if and only if
v1, · · · , vn are linearly independent.

Proof. ( =⇒ ) Suppose span(v1, · · · , vn) = span(v1)⊕ · · ·⊕ span(vn). Then
0 ∈ span(v1, · · · , vn) can be uniquely written as a sum 0 = w1 + · · · + wn

where wi ∈ span(vi) (i.e. wi = kiai for some ki ∈ F.) That is to say
0 = k1v1 + · · · knvn for unique k1, · · · , kn, thus by definition v1, · · · , vn are
linearly independent.

( ⇐= ) If v1, · · · , vn linearly independent, then any v ∈ span(v1, · · · , vn)
can be uniquely written as v = a1v1 + · · ·+ anvn for some a1, · · · , an ∈ F.
Now since aivi ∈ span(vi), and this is the only way to write v as sum
of vectors in span(vi). Hence span(v1) ⊕ · · · ⊕ span(vn) must be a direct
sum. □

(4) OS 2.1.12
(5) OS 2.1.13
(6) OS 2.2.29
(7) OS 2.3.3
(8) OS 2.3.18
(9) OS 2.4.22

(10) OS 2.4.27
(11) OS 3.1.9
(12) OS 3.1.17

Optional (do not submit)

• 2.4.23
• 2.4.27
• 3.1.27
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